Formation of a new kind of advanced material type from polar orthotropic materials obeying certain functional material grading rules has gained a great importance lately. In this study, a circular annulus rotating at a constant angular velocity and made of such kind of advanced materials having the same inhomogeneity index for both elasticity moduli and material density is studied analytically. Governing equation in terms of radial displacement is derived from the elasticity theory under axisymmetric conditions and plane stress assumption for such structures. After deriving closed-form solutions, effect of the aspect ratio (inner radius/outer radius) of a rotating circular annulus with uniform thickness on the dimensionless elastic field is investigated. It is observed that both the aspect ratio and inhomogeneity index of a simple power-law material grading rule have significant impacts on the linear elastic response arising out of rotation of the annulus at a constant angular velocity.
Introduction
Around 1970s, composite materials obtained by combining two or more materials at the macro-scale appeared in many engineering applications such as aircraft structures, automobile, transportation, marine, and building structures due to their high strength to weight and stiffness to weight ratios, high corrosion resistance, thermal and acoustic insulation properties, improved fatigue life, and good design practice than metallic structures (Gopalakrishnan et al. 2008 , Campbell 2010 . The fiber (reinforcement) and the matrix are two main constituents of a typical composite material. The reinforcement should be harder, stronger, and stiffer than the matrix. The smaller the diameter of the fiber is, the higher its strength. However the cost of the composite structure increases with decreasing diameter. The continuous phase of a composite material is called the matrix, which may be a polymer, metal, or ceramic. As a matrix material, polymers have low strength and stiffness as well as ductile while ceramics have high strength and stiffness but are brittle. As is well known, metals have moderate strength and stiffness together with considerably high ductility.
Composite materials are classified as fibrous composites, particulate composites and laminated composites. The fibrous composites, in which the matrix material has low stiffness, density and strength compared to the fibers or whiskers dispersed in a matrix. Carbon, graphite, E-glass etc. are commonly used for fibers while a polymeric material epoxy is used for the matrix material. Suspension of particles of one or more materials in a matrix of different material forms a particulate composite. In a particulate composite both the matrix and particle materials may be metallic or non-metallic. Particulate composites tend to be much weaker and less stiff than continuous fiber composites, but they are usually much less expensive. The laminated composites consists of a number of laminas (plies) stacked together to form a composite structure. Each lamina contains fibers bounded by a matrix material are oriented in the same direction where the maximum strength is required. The most commonly used matrix material is epoxy resin while carbon, glass, aramid and boron are used for fiber materials. The lay-up in which the plies are stacked at different orientation angles is called a laminate. Unidirectional (0°) laminae are extremely strong and stiff in the 0° direction. However, they are considerably weak in the 90° direction. The laminated composites are orthotropic at the lamina level while they exhibit highly anisotropic properties at the laminate level.
From the composite materials, polar orthotropic materials were used to increase the critical speeds of rotating disks (Tang 1969 , Murthy and Sherbourne 1970 , Reddy and Srinath 1974 , Ari-Gur and Stavsky 1981 , Jain et al. 1999 , 2000 , Tütüncü 2000 , Liang et al. 2002 , Singh and Jain 2004 , Çallıoğlu 2007 , Çallıoğlu et al. 2005 , 2006 , Koo 2006 , 2008 , Gupta et al. 2006 , Li et al. 2007 , Eraslan et al. 2016 , Yıldırım 2018a . Murthy and Sherbourne (1970) presented analytical solutions for rotating anisotropic hollow discs with variable thickness for an annular disc (free-free) and a disc mounted on a circular rigid shaft (fixedfree). Reddy and Srinath (1974) obtained closed-form solutions for stresses and displacement in an anisotropic rotating circular disc of variable thickness and variable density. Çallıoğlu et al. (2006) investigated analytically the elastic-plastic stress analysis of a curvilinearly orthotropic rotating annular disc for strain hardening material behavior. Eraslan et al. (2016) developed an analytical solution in terms of hypergeometric functions to estimate the mechanical response of nonisothermal, orthotropic, variable thickness disks under a variety of boundary conditions such as rotating annular disks with two free surfaces, stationary annular disks with pressurized inner and free outer surfaces, and free inner and pressurized outer surfaces. Yıldırım (2018a) introduced the complementary functions method (CFM) for the initial value problem solutions to the linear elastic analysis of anisotropic rotating uniform discs. The anisotropy effects are considered in this study for free-free, fixed-free, and fixed-guided rotating disks made of a polar orthotropic material.
As a new kind of advanced structural composite materials, functionally graded materials (FGMs) are originated in Japan (Mahamood et al. 2012, Mahamood and Akinlabi 2017) . Mahamood and Akinlabi (2017) presented the concept of functionally graded materials as well as their use and different fabrication processes. A FGM consist of at least two constituents which are continuously graded along demanded engineered directions to meet the requirements of the applications. Unlike the classical composites, in a FGM structure inter-laminar failure due to the delamination along the interfaces of continuous and discontinuous plies does not occur. In a laminated composite structure considerable inter-laminar stresses may arise especially at the ends of discontinuous plies. Moreover inter-laminar failure may also occur when the inter-laminar stresses are much lower than the in-plane stresses. To sum up, functionally graded materials can withstand very high thermal gradient, can inhibit crack propagation, may provide thermal barrier, and also perfectly meet the requirements for minimizing thermo-mechanical mismatch in metal-ceramic bonding. Due to these impeccable advantages, functionally graded materials have attracted the attention of many researchers and industrial applications having severe operating conditions in the mineral processing industry along with machine, aerospace, energy, nuclear, defense, optoelectronics, dental, orthopedic, and automotive industries. Here some applications of FGMs are highlighted (Mahamood et al. 2012, Mahamood and Akinlabi 2017) : linings for wear-resistant, abrasionresistant and impact-resistant, rocket heat shields, rocket engine components, heat exchanger tubes, thermoelectric generators, heat-engine components, plasma facings for fusion reactors, electrically insulating metal/ceramic joints, space plane bodies, teeth and bone replacements, penetration resistant materials used for armour plates and bullet-proof vests, protective coatings on turbine blades in gas turbine engines, graded refractive index materials, magnetic storage media, tribology, sensors, fire retardant doors, energy conversion devices, cutting tool insert coatings, automobile engine components, nuclear reactor components etc.
Low-cost ceramic-metal functionally graded materials are essentially used in FGM applications. They form an isotropic but inhomogeneous structure. In quest of searching more advanced materials, scholars have begun to apply anisotropic materials as functionally graded material constituents to form both anisotropic and inhomogeneous structures. For annular structures made of functionally graded anisotropic and inhomogeneous materials, there may be provided relatively a few studies on the stress and displacement analyses in the available literature (Gurushankar 1975 , Mian and Spencer 1998 , Durodola and Attia 2000 , Chen et al. 2007 , Wang and Sudak 2008 , Zenkour 2009 , Lubarda 2012 , Peng and Li 2012 , Boga 2016 , Kacar and Yıldırım 2017 , Zeng et al. 2017 Essa and Argeso 2017) . Gurushankar (1975) obtained closed form solution for the elastic fields in a rotationally symmetric, nonhomogeneous, polar orthotropic, annular disk of varying thickness and density, subjected to thermal loading. The variations of homogeneity, density and thickness are assumed to be hyperbolic in this study. Durodola and Attia (2000) studied with a functionally graded material which was modelled as a non-homogeneous orthotropic material for rotating hollow and uniform solid discs. Chen et al. (2007) studied analytically uniform rotating disc made of exponentially functionally graded materials with transverse isotropy. Lubarda (2012) worked on the elastic response of uniformly pressurized cylindrically anisotropic hollow uniform thin rotating discs. He used the finite difference method and a Fredholm integral equation. Peng and Li (2012) considered a functionally graded hollow polar-orthotropic rotating uniform disk for both power-law material grading rule and arbitrarily varying gradient. They also used Fredholm integral equation in the solution procedure. Kacar and Yıldırım (2017) studied analytically the elastic behavior of a stress-free rotating circular uniform disc (a uniform annulus), a rotating uniform disc mounted a rigid shaft at its center, and a rotating disc attached a rigid shaft and guided at outer surface for the same issue for five types of materials. Zeng et al. (2017) considered variable thickness rotating discs made of a functionally graded fiber-reinforced material. Recently Essa and Argeso (2017) developed analytical solutions for the analysis of elastic polar orthotropic functionally graded annular disks rotating with constant angular velocity. Traction-free inner and outer surfaces, and annular disks mounted on a circular rigid shaft having traction-free outer surface were studied separately by Essa and Argeso (2017) .
In the present study, an investigation of the variations of the elastic fields along the radial coordinate of a rotating circular annulus from the circular hollow plate to the thin rings is aimed. The annulus is assumed to be made of an anisotropic and nonhomogeneous material. To form such a kind of material, two anisotropic materials are gradually graded such that the mixture should obey a simple power material grading pattern. To conduct a parametric study, the same inhomogeneity index for both elasticity moduli and material density are employed. Closed-form solutions are obtained from the governing Navier equation under axisymmetric conditions, small displacements and plane stress assumption in the linear elasticity theory. Then a parametric study is conducted to study the effects of both the aspect ratio (inner radius/outer radius) and the inhomogeneity index of a rotating circular annulus with uniform thickness on the dimensionless elastic field.
Exact Solutions
Let's consider a disk made of a functionally graded polar orthotropic material. The disk is assumed to be very thin, as seen in Figure 1 , so that in the z-direction, the stress and strain components are neglected, and shear stress is zero. By using the infinitesimal theory of elasticity with axisymmetric plain stress conditions, strain-displacement relations are written as follows (1) Where is the radial displacement, and are the radial and tangential strain components, respectively. The prime symbol is used for the first derivative of the quantity with respect to the radial coordinate. Representing the radial and hoop stresses by and respectively, Hooke's law may be written in the following compact form of (2) ) By defining the following ratios (3) and (4) material on-axis rigidities ( in Eq.
(2) may be written as follows (5) Where Young`s modulus in the r and θ directions are denoted by and ,the ratio stands for the anisotropy/polar degree of the disc material, is the inhomogeneity index, b is the outer radius and shows the reference value of Young's modulus of the mixture material located at the outer surface in the circumferential direction ( Figure 1) . For isotropic and homogeneous materials:
. In Equation (5) a simple power material grading rule is used. Poisson`s ratios in Equations (3) and (4), and , which are assumed to be constant along the radial coordinate in the present study, are related by each other as follows (6) Vol. 6, Equilibrium equation with centrifugal force effects is (7) Where denotes the material density, which also radially varies with a simple power material grading rule, and is a constant angular velocity.
Figure 1. A Uniform Circular Annulus Rotating at a Constant Angular Velocity
(8)
In the above stands for the reference value of the density of the mixture material located at the outer surface. Substitution stresses in Equation (2) and the first derivative of the radial stress with respect to the radial coordinate into the equilibrium equation, and then replacing strain components with their counterparts in terms of radial displacements, the following second order Navier differential equation is derived.
After implementation of the material grading rule given in Equations (5) and (8) into Equation (9), then Navier equation reduces to the following (10) This equation is an Euler-Cauchy type differential equation with constant coefficients. General solution of Equation (10) will be in the form of (11) Where and are integration constants, and
By using stress-displacement relations for a polar orthotropic material, the radial and hoop stresses may be written in terms of integration constant as follows (13) By employing stress-free boundary conditions, and , unknown coefficients in Equations (11) and (13) are found as (14) Substitution of Equation (14) into Equations (11) and (13) gives the explicit form of the radial displacement, the radial stress and the tangential stress as follows, respectively.
(15)
Verification of the Formulas
As a comparative example, a stress-free disc with a=2cm, and b=5cm (a/b=0.4) is chosen. The disk is made of an injection molded Nylon 6 composite containing 40wt% short glass fiber. Material properties of the disc are given in Table 1 . Variations of the dimensionless radial displacement, radial and hoop stresses along the radial direction for different inhomogeneity indexes are presented in Table 3 . As observed from Table 3 , variation of the inhomogeneity indexes from through makes the radial dimensionless displacement small. However when the inhomogeneity indexes are changed from positive to the negative both radial and hoop stresses become much higher.
Numerical Examples
In this section it is aimed to study the thickness effects on the variation of the radial displacement, the radial stress and the hoop stress. The outer radius of the test annulus is determined as
The inner radius of the annulus varies from to The same material properties presented in Table 1 are used in the parametric study:
Numerical results are illustrated in Figures 2-6 for a=2cm, a=4cm, a=6cm , a=8cm, and a=9.95cm, and presented in Tables 4 and 5 for a=3cm, a=5cm, a=7cm, and a=9cm. In these Figures and Tables inhomogeneity indexes are chosen as to be in the range of . Some results are outlined below:
 Increasing the aspect ratio from 0.2 toward 0.995 results in a magnification in the radial displacements.  Negative inhomogeneity indexes offer smaller radial displacements.
 For a very thin annulus, that is for a ring, the effect of the inhomogeneity index on the radial displacement and the radial stress almost disappears. If it is small, however, it has still effect to some extent on the tangential stresses.  Maximum radial stresses decrease with increasing aspect ratio from the thick annulus to the rings.  Positive inhomogeneity indexes offer more small radial stresses.  Positive inhomogeneity indexes also offer smaller hoop stresses.  Centrifugal force-induced stresses are completely in tension for all inhomogeneity indexes and aspect ratios.  Negative inhomogeneity parameters present more noticeable hoop stresses at the inner surface of the annulus.  At the outer surface, positive inhomogeneity indexes have higher hoop stresses for higher aspect ratios that is for thinner annulus.
Discussion and Conclusions
In this study, a circular annulus rotating at a constant angular velocity and made of such functionally graded polar orthotropic materials is handled analytically. Navier equation in terms of the radial displacement is derived from the elasticity theory under axisymmetric plane stress assumption. To get a closedform solution, a simple power material grading rule is chosen. By doing so, the governing equation turns into a second order differential equation with constant coefficients at which Euler-Cauchy solution technique may be applied. The centrifugal force is added to the equilibrium equation in the radial direction as a body force.
After getting both the homogeneous and particular analytical solutions to the problem, a parametric study is accomplished. The ratio of the inner and outer radius of the annulus is defined as the aspect ratio. The effect of the aspect ratio of a rotating circular annulus with uniform thickness on the dimensionless radial displacement, the dimensionless radial stress and tangential stress is investigated. The aspect ratio of the annulus is assumed to be changed from 0.2 towards 0.995 for rings, while the inhomogeneity parameter is changing between -6 and 6.
It is observed that both the aspect ratio and inhomogeneity index have significant impact on the linear elastic response arising out of rotation of the annulus at a constant angular velocity. Increasing aspect ratio from 0.2 toward 0.995 causes a magnification in the radial displacements. The effect of the inhomogeneity index on the radial displacement and the radial stress almost disappears while it has still effect to some extent on the tangential stresses. 
